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Abstract. Using the recent Gauss diagram formulas for Vassiliev invariants of Polyak- Viro-Fiedler 
and combining these formulas with the Bennequin inequality, we prove several inequalities for 
positive knots relating their Vassiliev invariants, genus and degrees of the Jones polynomial. As a 
consequence, we prove that for any of the polynomials of Alexander/Conway, Jones, HOMFLY, 
Brandt-Lickorish-Millett-Ho and Kauffman there are only finitely many positive knots with the 
same polynomial and no positive knot with trivial polynomial. 

We also discuss an extension of the Bennequin inequality, showing that the unknotting number 
of a positive knot not less than its genus, which recovers some recent unknotting number results 
of A'Campo, Kawamura and Tanaka, and give applications to the Jones polynomial of a positive 
knot. 
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1 Introduction 



1. Introduction 

Positive knots, the knots having diagrams with all crossings positive, have been for a while of interest 
for knot theorists, not only because of their intuitive defining property. Such knots have occurred, in 
the more special case of braid positive knots (in this paper knots which are closed positive braids will 
be called so) in the theory of dynamical systems [BW], singularity theory [A, BoW], and in the more 
general class of quasipositive knots (see [Ru3]) in the theory of algebraic curves [Ru]. 

Beside the study of some classical invariants of positive knots [Bu, CG, Tr], significant progress 
in the study of such knots was achieved by the discovery of the new polynomial invariants [J, H, 
Ka2, ELM, Ho], giving rise to a series of results on properties of these invariants for this knot class 
[Cr, Fi, CM, Yo, Zu]. 

Recently, a conceptually new approach for defining invariants of finite type (Vassiliev invariants) 
[BL, BN, BN2, BS, St4, St, Vo, Va] was initiated by Fiedler [Fi, Fi2, Fi3] and Polyak-Viro [PV] by 
the theory of small state (or GauB) sums. Fiedler remarked [Fi4] that the GauB sum formulas have 
direct application to the study of positive knots. 

This paper aims to work out a detailed account on such applications. Sharpening Fiedler's results, 
we will prove a number of inequalities for positive knots, relating via the GauB sum formulas the 
Vassiliev invariants V2{K) and V3(^r) of degree 2 and 3 of a positive knot K on the one hand, and 
classical invariants like its genus g{K), crossing number c{K) and unknotting number u{K) on the 
other hand. We will use the tables of Rolfsen [Ro, appendix] and Thistlethwaite [HT] to find examples 
illustrating and showing the essence of these properties as positivity criteria for knots. 

Although all inequalities can be considered in their own right, one of them, which subsequently 
turned out of central importance, and is thus worth singling out, is the inequality V2{K) > c{K) /4 we 
will prove in §6. Similar (although harder to prove) inequalities will be first discussed in §3 for V3, 
improving the one originally given by Fiedler. As a consequence of involving the crossing number 
into our bounds, we prove, that there are only finitely many positive knots with the same Jones 
polynomial V and that any knot has only finitely many (possibly no) positive reduced diagrams, so 
that positivity can always be (at least theoretically) decided, provided one can identify a knot from a 
given diagram. A further application of such type of inequality is given in [St7], where it is decisively 
used to give polynomial bounds of the number of positive knots of fixed genus and given crossing 
number. 

For our results on unknotting numbers it will also turn out useful to apply the machinery of inequali- 
ties of Bennequin type [Be, theorem 3, p. 101] for the (slice) genus. Thus we devote a separate section 
§4 to the discussion of this topic. In particular, there we give an extension of Bennequin's inequality 
to arbitrary diagrams. An application of this extension is the observation that the unknotting number 
of a positive knot is not less than its genus (corollary 4.3). This resolves, inter alia, the unknotting 
numbers of 5 of the undecided knots in Kawauchi's tables [Kw], which have been (partially) obtained 
by Tanaka [Ta], Kawamura [Kw] and A'Campo [A] (examples 4.1, 4.2 and 4.3). It can also be used 
to extend some results proved on the genus of positive knots to their unknotting number (see [St7]). 

In §7 we will use the inequalities derived for V2 and V3 together with those given by Morton [Mo2] to 
give some relations between the values of V2, V3 and the HOMFLY polynomial of positive knots. 

Braid positive knots, inter alia, because of their special importance will be considered in their own 
right in §8, where some further specific inequalities for the Vassiliev invariants will be given. We will 
also prove, that the minimal degree of the Jones polynomial of a closed positive braid is equal for 
knots to the genus and is at least a quarter of its crossing number. 

Finally, in the sections 4 and 9 we will review some results and conjectures and summarize some 
questions, which are interesting within our setting. 

Notation. For a knot K denote by c{K) its (minimal) crossing number, by g{K) its genus, by b{K) 
its braid index, by u{K) its unknotting number, by o{K) its signature. \K denotes the obverse (mirror 
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image) of K. We use the Alexander-Briggs notation and the Rolfsen [Ro] tables to distinguish be- 
tween a knot and its obverse. "Projection" is the same as "diagram", and this means a knot or link 
diagram. Diagrams are always assumed oriented. 

The symbol □ denotes the end or the absence of a proof. In latter case it is assumed to be evident 
from the preceding discussion/references; else (and anyway) I'm grateful for any feedback. 

2. Positive knots and GauB sums 

Definition 2.1 The writhe is a number (±1), assigned to any crossing in a link diagram. A crossing 
as on figure 1(a), has writhe 1 and is called positive. A crossing as on figure 1(b), has writhe — 1 and 
is called negative. A crossing is smoothed out by replacing it by the fragment on figure 1(c) (which 
changes the number of components of the Unk). A crossing as on figure 1(a) and 1(b) is smashed to 
a singularity (double point) by replacing it by the fragment on figure 1(d). A m-singular diagram is a 
diagram with m crossings smashed. A m-singular knot is an immersion prepresented by a m-singular 
diagram. 




X )( X 



(«) (1") w w 

Figure 1 

Definition 2.2 A knot is called positive, if it has a positive diagram, i. e. a diagram with all crossings 
positive. 

Recall [FS, PV] the concept of GauK sum invariants. As they will be the main tool of all the further 
investigations, we sunmiarize for the benefit of the reader the basic points of this theory. 

Definition 2.3 ([Fi3, PV]) A GauB diagram (GD) of a knot diagram is an oriented circle with arrows 
connecting points on it mapped to a crossing and oriented from the preimage of the undercrossing to 
the preimage of the overcrossing. See figure 2. 
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Figure 2: The knot 62 and its GauB diagram. 

Fiedler [Fi3, FS] found the following formula for (a variation of) the degree-3-VassiUev invariant 
using GauB sums. 

V3 = 5^ WpW^Wr -h Y^WpWqWr+]r ^ iWp + Wq), (1) 
(3,3) (4,2)0 ^p, 9 linked 
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2 Positive knots and GauB sums 



where the configurations are 





p q 




(3,3) 



(4,2)0 aUnkedpair 



Here chords depict arrows which may point in both directions and Wp denotes the writhe of the 
crossing p. For a given configuration, the summation in (1) is done over each unordered pair/triple 
of crossings, whose arrows in the GauB diagram form that configuration. The terms associated to a 
pair/triple of crossings occurring in the sums are called weights. If no weight is specified, we take by 
default the product of the writhes of the involved crossings. Thus 

P,- — 3 




means 'sum of Wp ■ Wq over p,q linked'. In the linked pair of the picture above, call p distinguished, 
that is, the over-crossing of p is followed by the under-crossing of q. For the motivation of this 
notation, see [FS]. 

Additionally, one may put a base point on both the knot and GauB diagram (see [PV]). This is 
equivalent to distinguishing a cyclic order of the arrow ends, or "cutting" the circle somewhere. 

To make precise which variation of the degree-3-Vassiliev invariant we mean, we noted in [FS], that 

where V is the Jones polynomial [J] and V '^"^ denotes the n-th derivation of V . We noted further (and 
shall use it later), that V3 is additive under connected knot sum, that is, V3 {Ki#K2) = V3 {Ki ) -h V3 (^"2) 
(verify this!). 

Definition 2.4 A diagram is composite, if it looks as in figure 3(a) and both A and B contain at least 
one crossing. A diagram is split, if it looks as in figure 3(b) and both A and B are non-empty. A 
composite link is a link with a composite diagram, in which no one of A and B represent the unknot. 
A split link is a link with a split diagram. 

We will use the synonyms 'prime' and 'connected' for 'non-composite' and 'disconnected' for 'com- 
posite' . 



[a) {b) 





Figure 3 



Definition 2.5 A crossing is reducible, if its smoothing out yields a split diagram. A diagram is 
reduced, if it has no reducible crossings. 

Definition 2.6 Call a positive diagram bireduced, if it is reduced and does not admit a move 




(2) 



To this move we wiU henceforth refer as a second (reduction) move. 
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The reason for introducing this move will become clear shortly. 



Definition 2.7 The intersection graph of a GauB diagram is a graph with vertices corresponding to 
arrows in the GauB diagram and edges cormecting intersecting arrows/vertices. 



GauB diagrams have in general the following properties. 



Definition 2.8 For two chords in a GauB diagram aDb means "a intersects b" (or crossings a and b 
are Unked) and a(/^b means "a does not intersect b" (or crossings a and b are not hnked). 



We now formulate two simple properties of GauB diagrams that will be extensively used in the fol- 
lowing, even valence and double cormectivity. 



Lemma 2.1 (double connectivity) Whenever in a GauB diagram a He and bOc then either a fl ^ or 
there is an arrow d with dda and ddb. I. e., in the intersection graph of the GauB diagram any 
two neighbored edges participate in a cycle of length 3 or 4. In particular, the GauB diagram (or its 
intersection graph) are doubly connected. 




Proof. Assume a(^b. Consider the plane curve of the projection. 




As the curve meets c the second time before doing so with b, it has a segment in the inner part of the 
above depicted loop between both occurrences of a, and so there must be another crossing between 
the first and second occurence of a and the first and second occurence of b. □ 

3. Inequalities for V3 

In this section we shall prove an obstruction to positivity which renders it decidable, whether a given 
knot has this property. The idea is due to Fiedler, but here we present an improved version of it. 

Our goal is now to prove the following two statements. 

1) The number of edges in the intersection graph of a non-composite GauB diagram (=intersec- 
tions of chords in the GauB diagram=Unked pairs) is at least 3 , where c is the number 

of vertices in the intersection graph (=chords in the GauB diagram=crossings in the knot pro- 
jection). 



2) In any positive diagram D of c crossings, V3(Z)) > #{ linked pairs } > c. If Z) is bireduced, then 
V3(£>) > %#{ hnked pairs }. 



We do this in steps and split the arguments into several lemmas. Finally, we summarize the results in 
a more self-contained form in theorem 3.1. We start by 



Lemma 3.1 If is a positive reduced diagram of c crossings, then V3{K) > c. 
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3 Inequalities for V3 



Proof. Consider the GauB diagram of this projection. 

By the additivity of V3 and c in composite projections (note, that factors in composite positive reduced 
projections and themselves in positive reduced projections), henceforth assume, the positive diagram 
is non-composite, i. e. the GauB diagram of c arrows is connected. 

But then this diagram will have at least c — 1 intersections, i. e. linked pairs, and the above argument 
(lemma 2.1) shows that, as the number of arrows is more than 2, the number of chord intersections 
cannot be equal to c — 1 . As in a positive diagram each linked pair contributes one to the value of the 
third term in (1) and the first two terms are non-negative, the assertion foUows. □ 

Bounds of this kind render it decidable whether a positive diagram exists. 

Corollary 3.1 Any reduced positive diagram of any knot K has maximally V3{K) crossings. In 
particular, there are only finitely many positive knots with the same V3 and any knot has only finitely 
many (possibly no) positive diagrams. □ 

Therefore, there are also only finitely many positive knots with the same Jones polynomial, but we 
will state this fact in greater generality somewhat later. 

Corollary 3.2 If K is not the unknot, maximally one of K and \K can be positive. In particular, no 
positive non-trivial knot is amphicheral. 

This fact follows in the special case of alternating knots from Thistlethwaite's invariance of the writhe 
[Ka2] and for Lorenz knots from work of Birman and Williams [BW] . A general proof was first given 
by Cochran and Gompf [CG, corollary 3.4, p. 497] and briefly later independently by Traczyk [Tr] 
using the signature. We will later, in passing by, give an independent argument for the positivity of 
the signature on positive knots using GauB diagrams. 

Proof. It follows from V3(!A') = —V2,{K) which is easy to see from the formula (1): mirroring re- 
verses the orientation of all arrows in the GauB diagram and all configurations in (1) are invariant 
under this operation, while the terms in the sum change the sign. □ 

Example 3.1 4i (the figure eight knot) and 63 are amphicheral and hence cannot be positive. 

Remark 3.1 The bound of lemma 3.1 is sharp, as V3(!3i) = 4 and there is the following reduced 
positive 4 crossing diagram of the right-hand trefoil: 



However, this diagram is not bireduced and here I came to consider this notion. 

Example 3.2 Beside the standard and the above depicted diagram, there cannot be more positive 
reduced diagrams of the right-hand trefoil !3i . 

Example 3.3 Following T. Fiedler, and as indicated in [FS], the knot 62 has V3 = 4. So it cannot 
have any positive diagram (as else it would have a reduced one and this would have to have not more 
than 4 crossings). 

Here is another property of GauB diagrams we will use in the following to sharpen our bound. 




Lemma 3.2 (even valence) Any chord in a GauB diagram has odd length (i. e., even number of 
basepoints on both its sides, or equivalently, even number of intersections with other chords, that is, 
even valence in the intersection graph of the GauB diagram). 



Proof. This is, as lenoma 2.1, a consequence of the Jordan curve theorem, and is reflected e. g. also 
in the definition of the Dowker notation of knot diagrams [DTJ . □ 

Here is the improved bound announced in [FS] under assumption of bireducedness. 

Lemma 3.3 If A" is a positive bireduced diagram of c crossings, then 

V3 (^) > 4/3 # linked pairs > 4/3 c . 
In particular, V3(^) > 4/3c(^) for K positive. 

Proof. To prove is the first inequality (the second was proved in lenoma 3.1). Assume w.l.o.g. as 
before the GauB diagram is connected. We know that the number of intersections in the GauB diagram 
(= number of linked pairs) is at least c. So it suffices to prove 

#{ matching (3,3) and (4,2)0 configurations } > Vs^l linked pairs } . 

To do this, we wiU construct a map 

m : { crossings in the GD (Unked pairs) } — > { matching (3,3) and (4,2)0 configurations } 

such that each image is realized not more than 3 times. To prove this property of m, we will check it 
each time we define a new value of m on the values of m defined so far. 

About the definition of m. Set m on a crossing participating in a (3,3) or (4,2)0 configuration to one 
(any arbitrary) of these configurations. So, up to now, all (4,2)0 configurations are realized as image 
under m maximally 2 and aU (3,3) configurations are realized as image under m maximaUy 3 times. 

Now look at a crossing A, not participating in any (3,3) and (4, 2)0 configuration. 



h 




If chord a has length 3 then we have either 




In the first two cases A is in a (3,3) or (4,2)0 configuration, and in the third case this is exactly the 
situation of a second move (2). Note: it foUows from the positivity of the diagram, that indeed 




does not exist. Else the diagram part on the left in (2) to be positive, we had to reverse the direction 
of (exactly) one of the strands, and the crossings would become Unked. So let a have length at least 
5. 



Case 1. First assume a has only 2 crossings. 

a 
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3 Inequalities for V3 



We have y(/'\b (else A e (3,3)). By double connectivity 3x,xr\y,b. 




X does not intersect a (else A e (3,3)). 

On the other hand, if for some c, cDy, then cOb and vice versa (else by double connectivity on a,c,y 
we had 3dr\y,dr\a. As b (J\y wc had d ^b and so d would be a third intersection of a). 




As a is not of length 3, on the other side of a from that, where x Ues, there must be a chord z which (by 
assumption of connectedness of the diagram) must intersect one of b or y and therefore (see above) 
both. 



1\ 




Then z,x must be equally oriented with respect to y and b (else A G (4, 2)0), i. e. {z,x,y) and {z, b,x) 
are of type (4,2)0. Assign by m to A the second one of these configurations. (3) 

Case 2. So now let a have at least 4 crossings (remember, each chord has even number of crossings!). 
Look at a: 



Beside by b, a is intersected n>3 times by (only) downward pointing arrows (else either A e (3,3) 
orAe (4,2)0). 



Case 2.1. Two such chords ai ,02 do not intersect. 

(7] a2 h 



(72 b ci\ 



Set 



m(A) ^K= {ai,a2,a} G (4,2)0. 



(4) 



Up to now, K ^ (4,2)0 has only 2 preimages, unless it was not the object of an assignment of the kind 
(3) or (4) before. However, there is only maximally one such additional preimage A of K, because 
we can uniquely reconstruct A from K: ^ 




Consider the chord c in with both intersections on it. Then the other two arrows point in 1 direction 
with respect to c. A is then the unique intersection point of c with an arrow pointing in the opposite 
direction than the other two arrows of K do. 

Summarizing cases 1 and 2.1, no (4,2)0 configuration received more than 3 preimages as far as m is 
constructed now. 



Case 2.2. All n > 3 chords intersect. The picture is hke this 



(5) 
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These n chords produce with a 



n 



2 



configurations of type (3,3) and among themselves 



2 



n 



inter- 




sections. Son+ ( I intersection points participate in ( j configurations (3,3) involving a. So there 



intersections participating in the configuration. Define by m on A as any of these relations. 

How many preimages now has a configuration of type (3, 3)? If it was not affected by the so far con- 
sidered configurations in case 2.2, it still has maximally 3 preimages. If it has been, it has maximally 
2 preimages among the intersections participating in it. How many "A"s could have been assigned to 
such a configuration K by case 2.2? If any, K must look like 



and A must be either on as or oi and be the unique intersection point of a chord intersecting ai 
(resp. 03) in the reverse direction as all other chords, among others, 03 (resp. ai), do (as this chord is 
different from 03 (resp. ai), its intersection direction is uniquely determined). So there are at most 2 
such "A"s and the configuration has at most 4 preimages. 

We would like to show now that in fact (3,3) configurations with 4 preimages can always be avoided 
by a proper choice of (3,3) configurations in case 2.2. 

Assume, that at one point in case 2.2 all configurations (3 , 3) of a with two downward pointing arrows 
in (5) already have 3 preimages as a next A has to be added (that is, you are forced to create a fourth 
preimage to one of the (3,3) configurations). Then there is only one choice. There are exactly 3 
chords (which mutually intersect and intersect d), from the resulting 6 crossings and 3 configurations 
(3,3) involving a, each configuration contains exactly 2 of its points in its preimage (for n > 3 we 
have 



and so there is always a configuration with not more than one of its points in its preimage) and to 
each of these 3 configurations (3,3) there has already been assigned an "A" by case 2.2. (Here "A" 
means an intersection point, which participated as A in some previous apphcation of case 2.2.) There 
cannot have been 2 "A"s added, as A would be the third possible one and we saw that there are no 3 
possible ones for the same (3,3) configuration. Because on each chord of the configuration only one 
possible "A" can lie, this other "A" (different from our A) must he on 
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3 Inequalities for V3 



But this cannot be, because to the "A" on 03 (it is unique, because there's always a in the configuration 
and this "A" must intersect with as in the opposite direction, and 2 such "A"s would e (4, 2)0) cannot 
simultaneously have been assigned both {a3,ai,a} and {03 , 02 , a} under m. This contradiction shows, 
that it must be really always possible to define m on an "A" in case 2.2, not augmenting the number 
of preimages of a (3,3) configuration to more than 3. 

So now any configuration of type (3,3) has maximally 3 preimages and m is completely defined, and 
has the desired property. □ 

But of course, there are in general much more linked pairs than crossings, and so we can go a little 
further. 

Consider the intersection graph G of a GauB diagram. 
Lemma 3.4 In G 



# edges > 3 



# vertices — 1 



2 

if G connected, i. e. the GauB diagram non-composite. 



Proof. Recall that the intersection graph of a GauB diagram has the double connectivity property, 
that each pair of neighbored edges lies in some 3 or 4 cycle. 

b c b \ b c 

Fix a spanning tree B of the intersection graph G. Denote by c the number of vertices in G. B has 



1 



edges in 5 in 



1 



parrs. 



c — 1 edges, as G is connected. Choose a disjoint cover u of 2 

so that each pair has neighbored edges (why does this work?). Apply (6) to construct for each pair a 
map 

m : 11' — > { edges and pairs of edges in G outside B } , 
where 1/' is an extension of u (i. e. VA e 3 A' G i/' : A' D A). Define m as follows. Fix a pair 



t 



in B. There are 3 cases (the full edges belong to B and the dashed edges are outside of B). 



b 



2) a 



c c 

• a 



'.d 3) a 



b 



b 



Case 1. Set m{{a,b}) := c. 
Case 2. Setm{{a,b}) := {c,d}. 
Case 3. Set m{{a,b,d}) := c. 

As all the pairs are disjoint, all triples obtained by extending a pair by one element in case 3 are 

distinct, and the map will be well defined, v' is the cover u, where some of the pairs have been 

c— 1 

extended to triples by case 3 . We have #11' = 

As B is without cycle, no edge in G\B has received two preimages by cases 1 and 3. In the same 
way, no pair of (neighbored) edges in G\fi received two preimages by case 2. Moreover, if we look 
at the dual graph of G (where such pairs correspond to edges), the edges in G \ B with a preimage by 
case 2 from a forest F. (Convince yourself, using figure 4, that the existence of a cycle in F implies 
one in B.) Therefore, for all components C of F the number of involved vertices in C (=edges in G \fi 
involved in one of these pairs) is bigger that the number of edges of C (=pairs of edges in G \ B with a 
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preimage by m). Furthermore, for all components C of F maximally one of the vertices of C (=edges 
in G \ 5) has a preimage by 1) or 3) (again as 5 is a tree). So we see that 



So there are at least 



c-1 



#«'<#{ edges in G\B}. 
edges in G \ B and at least 



C-1 + 



c-1 



>3 



c-1 



edges in G. 



□ 



Figure 4: How a cycle in F implies one in B. Full edges belong to B and 
dashed outside of B. The vertices in the cycle in F axe the edges in the 
dashed cycle in G. The edges in the cycle in F are pairs of neighbored 
edges in the dashed cycle in G. The edges in B depicted belong to the 
pairs of u, which are preimages of the edges in the cycle in F. They are 
all disjoined and contain together a cycle. 

Summarizing, we proved: 

Theorem 3.1 If /iT is a positive bireduced non-composite projection of c crossings, then \'i(K) > 
. If the projection is not bireduced, but reduced and non-composite, we have at least V3 (K) > 

. If the projection is composite and bireduced, we have Vi{K) > 5 c, and if it is composite 
and reduced but not bireduced, V3{K) >c. □ 

Corollary 3.3 If a prime knot K is positive, it has a positive diagram of not more than V3 {K) /2 -j- 2 
crossings. □ 

There exist some other generally sharper obstructions to positivity. One is due to Morton and 
Cromwell [CM]: If P denotes the HOMFLY polynomial [H] (in the convention of [St2]), then for a 
positive link P{it,iz) must have only non-negative coefficients in z for any / G [0,1] (i denotes a/— T). 
The special case ? = 1 is the positivity of the Conway polynomial [Co], proved previously for braid 
positive links by v. Buskirk [Bu] and later extended to positive links by Cromwell [Cr]. 

Moreover, in [Cr] it was proved, that for L positive mindeg;(P) = maxdeg^(P). 

That these obstructions, although generally sharper, are not always better, shows the following exam- 
ple, coming out of some quest in Thistlethwaite's tables. 

Example 3.4 The knot 1 22038 on figure 5 has the HOMFLY polynomial 

(_7/6 _ 9/8 _ 3/10) + (13/6 ^ i3;8 ^ 3/10)^2 ^ (_7;6 _ g/S _ ;10)^4 ^ ^ ;8)^6 

It shows, that the obstructions of [Bu, Cr] and [CM] are not violated. However, V3(122038) = 8. 
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4 Unknotting numbers and an extension of Bennequin 's inequality 




Figure 5: The knot 122038- 

Remark 3.2 One may ask, in how far can the given bounds be improved. The answer is, using our 
arguments, not very much, as shows the following 

Example 3.5 Consider the graph G„, which is the Hasse diagram of the lattice (2'({1, . . . ,«}),C). 
1. e., its vertices are subsets of {!,...,«} and A and B are connected by an edge, if B cA and 
#{A\B) = 1. Then G„ satisfies the double connectivity property of lenrnia 2.1 and, if n is even, also 
the even valence property of lemma 3.2. A GauB diagram of c = 2" arrows, with G„ as intersection 
graph, would yield a value of V3, asymptotically equivalent modulo constants to c ■ (log2c)^. 

Of course, a simple argument shows, that any graph containing already G3 as subgraph (i. a., G4, Ge, . . .) 
cannot be the intersection graph of a GauB diagram, but evidently we must invest more into the struc- 
ture of (intersection graphs of) GauB diagrams. Unfortunately, the further conditions will not be that 
simple and bringing them into the game will make proofs (even more) tedious. 

But, in any case, note, that the odd crossing number twist knots (!3i, !52, Hi, !92, • • •) show, that we 
cannot prove more than quadratical growth of V3 in c. This is possibly, however, indeed the worst 
case. 

Conjecture 3.1 The positive twist knot diagrams minimize V3 over aU coimected irreducible positive 
diagrams of odd crossing number. 

4. Unknotting numbers and an extension of Bennequin 's inequality 

In this section, we introduce the machinery of Bennequin type inequalities which will subsequently 
needed to prove further properties of positive knots. 

ParalleUy we will also consider the following question, which naturally arises in the study of knots 
(and links) via braids. 

Question 4.1 Many classical properties of knots are defined by the existence of diagrams with such 
properties. In how far do these properties carry over, if we restrict ourselves to closed braid diagrams? 

We will discuss this question in §8 for positivity and, applying our new criteria, give examples that 
the answer is in general negative. On the other hand, here we will observe for unknotting number the 
answer to be positive. 

To start with, recall the result of Vogel [Vo2] that each diagram is transformable into a closed braid 
diagram by crossing-augmenting Reidemeister 11 moves on pairs of reversely oriented strands be- 
longing to distinct Seifert circles (henceforth called Vogel moves) only. 

As observed together with T. Fiedler, this result has 2 interesting independent consequences. The 
first one is a "singular" Alexander theorem 
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Theorem 4.1 Each m-singular knot is the closure of an m-singular braid. 

Proof. Apply the Vogel algorithm to the m-singular diagram, which clearly does not affect the sin- 
gularities. □ 

This was, however, also known previously, see e. g., [Bi2]. 

The other consequence is related to question 4.1. 

Theorem 4.2 Each knot reaUzes its unknotting number in a diagram as a closed braid. 

Proof. Take a diagram DoiK reahzing its unknotting number and apply the Vogel algorithm obtain- 
ing a diagram D'. As the crossing changes in D commute with the Vogel moves, the same crossing 
changes unknot in D' . □ 

I. e., the answer of question 4.1 for unknotting number is yes! 

Combining Vogel' s result with the Bermequin inequahty [Be], we immediately obtain 

Theorem 4.3 In each diagram D of a knot K, 

\wiD)\ + l <n{D)+2g{K), (7) 
where w{D) and n{D) are the writhe and Seifert circle number of D. 

Proof. Bennequin proved the theorem for braid diagrams. From this it follows for all diagrams by 
the Vogel algorithm, as a Vogel move does not change neither the writhe nor the number of Seifert 
circles. □ 

This fact for the unknot (which is also a special case of a result of Morton [Mo2], who proved it for 
all achiral knots) proves (in an independent way than theorem 3.1) the following 

Corollary 4.1 There is no non-trivial positive irreducible diagram of the unknot. 

I. e., in positive diagrams the unknot behaves as in alternating ones. 

Proof. For such a diagram D, n{D) = c{D) + 1, where c{D) the number of crossings of D. Therefore, 
each smoothing of a crossing in D augments the number of components. Hence no pair of crossings 
in the GauB diagram can be hnked, and so all chords are isolated and all crossings are reducible. □ 

Another more general corollary is originally due to Cromwell [Cr]: 

Corollary 4.2 (Cromwell) The Seifert algorithm applied to positive diagrams gives a minimal sur- 
face. 

Proof. This follows from theorem 4.3 together with the formula for the genus of the Seifert algorithm 
surface associated to D, which is (c(Z)) — n{D) + l)/2, as \w{D) \ = c{D) for D positive. □ 

Coming finally back to question 4.1, we see that we have discussed the most interesting cases. For the 
crossing number lOg as an example as well. For braid index the question does not make much sense, 
neither it does for Seifert genus. Certainly the Seifert algorithm assigns a surface to each diagram. 
However, Morton [Mo2] proved that there really exist knots, where in no diagram the Seifert algo- 
rithm gives a minimal Seifert surface! Posing question 4.1 on minimahty just for canonical Seifert 
surfaces, that is, Seifert surfaces obtained by the Seifert algorithm, the answer is again negative. The 
knot 74 has a positive diagram, and hence a canonical Seifert surface of (minimal) genus 1, whereas 
by [BoW] the genus of a canonical Seifert surface in any of its braid diagrams is minorated by its 
unknotting number 2, calculated by Lickorish [Li] and Kanenobu-Murakami [KM]. 

The only interesting case to discuss is 
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4 Unknotting numbers and an extension of Bennequin 's inequality 



Question 4.2 Does each knot realize its bridge number in a closed braid diagram? 
Another question coming out of Vogel's result is 

Question 4.3 Does each knot reahze its unknotting number in a diagram as closed braid of minimal 
strand number? 

Bennequin conjectured (7) also to hold if we replace genus by unknotting number (this is sometimes 

called the Bennequin unknotting conjecture). This was recently proved by Kronheimer and Mrowka 
[KM] (see remarks below) and independently announced by Menasco [Me2], but, to the best of my 
knowledge, without a pubhshed proof. As before, Vogel's algorithm extends this inequahty. 

Tlieorem 4.4 In each diagram £) of a knot K it holds \w{D)\ + l < n{D)+2u{K) . □ 

As we observed, (7) is sharp for positive knots and so we obtain 

Corollary 4.3 For any positive knot it holds u{K) > g{K). □ 

This, combined with the inequahty of Boileau- Weber-Rudolph [BoW, Ru] leads to 

Corollary 4.4 For any braid positive knot K it holds u{K) = g{K). □ 

This was conjectured by Milnor [Mi] for algebraic knots, neighborhoods of singularities of complex 
algebraic curves, which are known to be braid positive. Boileau and Weber [BoW] led it back to the 
conjecture that the ribbon genus of an algebraic knot is equal to its genus (see §4 of [Fi]), which was 
in turn known by work of Rudolph [Ru, p. 30 bottom] to follow from the Thom conjecture, recently 
proved by Kronheimer and Mrowka [KM]. 

As pointed out by Thomas Fiedler, more generally, corollary 4.3 also follows from Rudolph's recent 
result [Ru3] that positive links are (strongly) quasipositive, as he proved [Ru2] that a quasipositive 
knot bounds a complex algebraic curve in the 4-ball. The genus of such a curve is equal to the lower 
bound for g in Bennequin's inequality and so not higher than g itself. Hence if a knot, which bounds 
a complex algebraic curve is positive, then the the genus of the knot is equal to the 4-ball genus of 
the complex algebraic curve that it bounds, which by [KM] was proved to realize the shce genus of 
the knot, and this is as well-known always not greater than its unknotting number. 

Using corollary 4.4 we can determine the unknotting number of some knots. 

Example 4.1 The knots IO139 and !10i52 are braid positive, which is evident from their diagrams 
in [Ro]. Their Alexander polynomials tell us that they both have genus 4, hence their unknotting 
number is also 4. 

Thus, we recover the result of Kawamura [Kw]. However, corollary 4.3 brings us a step further. 

Example 4.2 The knots IO154 and IO162 (the Perko duplication of ! lOigi) are positive and have genus 
3 . Hence their unknotting number is at least 3 . Therefore, it is equal to 3 , as 3 crossing changes suffice 
to unknot both knots in their Rolf sen diagrams (find them!). To determine the unknotting numbers 
in these examples is not possible with the Bennequin unknotting conjecture for itself. Although both 
knots satisfy (21), a property of braid positive knots we will recall in §8, they are both not braid 
positive. As their genus is 3, a positive n-braid realizing them would have n + 5 crossings. For « < 5 
this contradicts their crossing number, and for « > 5 such a braid would be reducible (getting us back 
to the case n < 5). 
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Example 4.3 Another example is ! IO145. ! IO145 cannot be dealt with directly by corollary 4.3, as it 
is not positive (see [Cr]). But it can be dealt with by observing that is differs by one crossing change 
from !10i6i, or by the original Bennequin unknotting inequality: !10i45 is a (closed) 11 crossing 
4-braid with writhe 7 [J2, appendix]. Thus this knot has unknotting number at least 2. On the other 
hand, 2 crossing changes suffice to unknot it as evident from its Rolf sen diagram [Ro, appendix]. 

For all 5 knots in examples 4.1, 4.2 and 4.3 the inequality |a(^r)/2| < u{K) is not sharp, hence 
the signature cannot be used to find out the unknotting number. Therefore, this also disproves a 
conjecture of Milnor (see [Be]), that \o{K) /2| = u{K) for braid positive knots. 

It is, however, striking that all 5 knots are non-alternating. The reason for this is that if the pos- 
itive diagram of K is also alternating, then indeed \g{K)/2\ = g{K), and hence (modulo question 
9.5) corollary 4.3 (and even the stronger corollary 1 of [Ru3]) does not give anything more for the 
unknotting number than the signature. One way to see this is to use the principle of Murasugi and 
Traczyk (see [Tr] and [Ka2, p. 437]) to compute the signature in alternating diagrams using the 
checkerboard shading and to observe that if the alternating diagram is simultaneously positive, then 
the white regions correspond precisely to the Seifert circles. 

T. Kawamura informed me that some of the examples 4. 1 and 4.2 have been obtained independently 
by T. Tanaka [Ta], who also found the unknotting number of !10i45, inspiring me to give an inde- 
pendent argument in example 4.3. Very recently, A'Campo informed me that all these examples have 
also been obtained independently by him in [A] . 

A further related, and meanwhile very appealing, conjecture was made in [MP]. Using [St5, corollary 
4.4], it can be restated as follows. 

Conjecture 4.1 For any positive fibered knot K, u{K) = g{K). 

We have seen this to be true for braid positive knots and also for the two other positive fibered 
knots in Rolfsen's tables - IO154 and !10i6i. The fact that a counterexample must have u> g makes 
the conjecture hard to disprove. Since for showing u> g any 4-genus estimate is useless, the only 
still handy way would be to use Wendt's inequality [We] t{K) < u{K), where t{K) counts the torsion 
coefficients of the Z-homology of the double branched cover of along K. We know from the Seifert 
matrix that t{K) < 2g{K), and for example some (generaUzed) pretzel knots show, that this inequaUty 
is sometimes sharp. Thus knots with t{K) > g{K) exist. However, they are very special and indeed 
there was no positive fibered prime knot of < 16 crossings with t{K) > g{K) (even t(K) = g(K), 
where the methods of [St6, Tr2] may have a chance to work, if all torsion coefficients are divisible 
by 3 or by 5, was satisfied only by the trefoil). 

5. Further properties of the Fiedler GauB sum invariant 

Here are two properties of V3 which we will conclude with. 

Theorem 5.1 If K is a positive knot, then V3(A') > 4g{K). 

Proof. Take a positive diagram of K. As both the genus of the canonical Seifert surface (which 

we observed in §4 is minimal for positive diagrams) and V3 are additive under connected sum of 
diagrams, assume that the diagram is non-composite. Furthermore assume w.l.o.g., that the diagram 
cannot be reduced by a Reidemeister I move after eventually previously performing a sequence of 

Reidemeister III moves, so it is in particular bireduced (else reduce the diagram this way, noting that 
by the above remark this procedure does not change the genus of the canonical Seifert surface). 

So we can assume, we have a non-composite bireduced positive diagram of c crossings and n Seifert 
circles. If n = 1 the diagram is an unknot diagram and the result is evident. If n = 2 the diagram is of 
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5 Further properties of the Fiedler GauB sum invariant 



a (2,OT)-torus knot Kj^m^ 

m odd and the result follows from a direct calculation of V3 on K2^m (noting 
that g{K2^m) = ^'"2"^ )- So now assume n > 3. Then the genus of the Seifert surface is 

Therefore 4g{K) < 2c - 4. But on the other hand by theorem 3.1, V2,{K) > 2c - 4. □ 

Theorem 5.2 Let D be a positive reduced diagram and D' be obtained from D by change of some 
non-empty set of crossings. Then V3(Z)') < V3(D). 

This fact may not be too surprising, as V3 in general increases with the number of positive crossings. 
However, it is not obvious in view of the fact, that V3 sometimes decreases when a negative crossing 
is switched to a positive one. 

Proof. To compare V3 {D') and V3 (D), we need to figure out how the configurations in (1) change by 
switching the positive crossings in D. 

The configurations of the first two terms in (1) remain in D' (as orientation of the arrows does not 
matter) but possibly change their weight. In any case the weight of such a configuration in D' is not 
higher than (the old weight) 1 and so the contribution of these two configurations to the value of V3 
decreases from DtoD'. 

Something more interesting happens with the third term. A configuration in D may or may not survive 
in D'. But even if it does, its weight in D' is not more than one. However, a new configuration of 
positive weight can be created in D'. It happens if it has exactly two negative arrows and they are 
hnked. This we will call an interesting configuration. 




To deal with the interesting configurations, we will find other ones whose negative contributions 
equihbrate these of interesting configurations. First note, that any interesting configuration has a 
canonical pair of a negative arrow p and a half-arc c assigned: 

Now consider any such canonical pair in the GD together with all arrows starting outside and ending 
on the half-arc c. Assume there are I negative and m positive such arrows. 

Now beside the interesting configurations there are several ones which bring a decrease of v (see 
figure 6; p is always the arrow from left to right and c the upper half-arc). 

To compute the total contribution of all these configurations to the change of value of V3 for one 
specific canonical pair, we have to multiply their number with the difference of contributions, dividing 
by the number of counting them with respect to different canonical pairs. The resulting contribution 
for the configurations in figure 6 is for a given canonical pair 

^; -,f"'\ I [m-lf I 
</-m— - — 2 - — / — m = — ^ , 

which is negative for /, m > unless l=m = 0. But p in a canonical pair with / = m = is reducible. 
This shows the theorem. □ 

A classical result on the Jones polynomial [Ka3, Mu, Th] states that a non-composite alternating and 
a non-alternating diagram of the same crossing number never belong to the same knot. This is no 
longer true, if we replace 'alternating' by 'positive', as we will observe in §9. However, it is true if 
instead of non-compositeness we demand the diagrams to have the same plane curve. 



Corollary 5.1 The Jones polynomial always distinguishes a reduced positive and a non-positive di- 
agram with the same plane curve. □ 
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6. The Casson invariant on positive knots 

Here we shall say a word on the degree-2-Vassiliev invariant V2, sometimes attributed to Casson 
because of its relation to the 3-manifold invariant discovered by him, see [AM]. This invariant is the 
coefficient of in the Conway polynomial V(z), or alternatively A"(l)/2, where A is the Alexander 
polynonual [Al]. Using the Polyak-Viro formula for it, we obtain a similar result for positive knots 
as for V3. 



Theorem 6.1 In a positive reduced c crossing diagram, V2 > c/4. 



This bound is sharp, as again the four crossing diagram of the (positive) trefoil shows. However, 
under assumption of bireducedness more seems possible. 



Conjecture 6.1 In a positive bireduced diagram D, V2 > lk{D)/4, where lk{D) is the number of 
Unked pairs in D. 



As a consequence, if this conjecture is true, for example in a positive bireduced c crossing diagram, 
V2 > c/3. The reason why this bound is suggestive Ues in the method we introduce to prove theorem 
6. 1 and it will be motivated later. 

The proof of theorem 6. 1 uses the Polyak-Viro formula for V2 




obtained by symmetrization from the formula [PV, (3)]. 

A similar but somewhat more complicated formula for V2 was found by Fiedler [Fi, Fi4], who uses 
it to show that for a braid positive knot K it holds V2{K) > g{K). This implies theorem 6.1 for braid 
positive knots because of the inequality 

g{K) > c/4 (9) 



in a reduced braid positive c crossing diagram D of a braid positive knot K, which is a consequence 
of both the Bennequin inequahty [Be, theorem 3, p. 101] and Cromwell's work on homogeneous 
knots [Cr, corollaries 5.1 and 5.4], see [St3] or remark 8.6. 

Note, that (9) is not true in general for positive knots, but Fiedler's inequahty extends to this case. 



18 



6 The Casson invariant on positive knots 



Theorem 6.2 For positive knots it holds V2{K) > g{K) and V2{K) > u{K). 

Remark 6.1 By corollary 4.3, the first inequality in theorem 6.2 follows from the second one. But 
the argument of our proof shows it without involving the slice version of Bennequin's inequality. 
Therefore, we felt it deserves in independent exposition. 

Note, that this excludes a large class of positive (see [Cr]) polynomials as Conway polynomials of 

positive knots, 1 + + is a simple one (belonging, inter alia, to the knot 63). 

In the sequel, we will need the following fact, which we invite the reader to prove. 

Exercise 6.1 Show that in the GauB diagram of a positive knot diagram any arrow is distinguished 
in exactly half of the pairs in which it is linked. 

Proof of theorem 6.1. Call a linked pair in a based GauB diagram admissible, if it is of one of the 

two kinds appearing in (8). 

Fix a reduced positive diagram D. We apply now a series of transformations to D we call loop moves, 
ending at the trivial diagram. What is crucial for our argument, is that (8) is independent of the choice 
of a base point. That means, as long as we can assure that the GauB diagram is realizable, that is, 
corresponds to a knot diagram, we can place for the next loop move on the diagram the base point to 
some other favorable place. 

Now we describe how to perform a loop move. Take a crossing p in D whose smoothing produces a 

(diagram of a link with a) component K with no self-crossings. In the GauB diagram this means, that 
the arrow of p does not have non-linked arrows on both its sides. In D, p looks like this 




In the GauB diagram this corresponds to removing the k arrows linked with p. Note, that by even 
valence 2\k and by reducedness k> 0. Assume in the resulting diagram D' there are c reducible 
crossings, p including. Any of them must have been hnked in D with at least 2 crossings hnked with 
p (because of even valence). 

Now, we place the basepoint in the GauB diagram as follows: 
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Henceforth, such a picture means that there is no other end of an arrow between the basepoint and 
the arrow end to which it is depicted to be close (here the over-crossing of p). 

Remove the arrows linked with p in Z) by exercise 6.1 removes k/2 admissible linked pairs with p 
and for any other reducible crossing p' in D', at least one admissible linked pair (/?' must have been 
linked in D with some even non-zero number of to be removed arrows and by exercise 6.1 exactly 
half of them gives with it an admissible hnked pair). Then the procedure of building D' out of D and 
reducing D' reduces the value of V2 at least by 

1 fk 

2 2+^-' 



an hence by integrality of V2 at least by 

V2(D)-V2(D') > 



k c 
4 + 2 



whereas it reduces the crossing number of the (reduced) diagram hy k + c. The ratio 

k + c 



Ll + fJ 



for 2\k, A:, c> is at most 4, unless k ■ 
that in this case V2 reduces at least by 



: 4 and c = 1 (in which case it is 5). We would like to show 



- -+c 



(10) 



and hence by integrality at least by 



k c+l 



To do so, now consider some p" ^ p, which is not hnked with p and does not become reducible in 
D'. The loop move reduced the number of arrows linked with p" by some even number 21, possibly 
0, such that half of this number (that is, /) of arrows point in either direction w.r.t. p". Then for each 
such p" the loop move reduces V2 additionally by //2. What we need is that at least for one crossing 
p" in D we have / > 0. This occurs, unless p belongs to a connected component of D, in which all 
p" ^ p sue linked with p or linked with all p' linked with p. The connected component would have 
c + k crossings and would be resolved by the loop move (and the eUmination of reducible crossings 
following it). 

But in our case c + k = 5 and on the two positive diagrams of 5 crossings V2 is 2 (for 52) resp. 3 (for 
5i). Therefore, (10) follows. 

Resolving this case, we have always ensured V2 (£>) — V2 (£>' ) > (k + c) /A-, and so the theorem follows 
inductively over c{D), as it is true for c{D) = and any positive diagram can be triviaUzed by a 
sequence of the above transformations. □ 



Corollary 6.1 For any of the polynomials of Alexander/Conway, Jones, HOMFLY, the Brandt- 
Lickorish-Millett-Ho polynomial Q [BLM, Ho] and Kauffman [Ka2] only finitely many positive 
knots have the same polynomial and there is no positive knot with unit polynomial. 



Proof. Use the inequality for V2 and the relations 

-6v2 :=-3A"(l)=y"(l) = e'(-2) 

and the well-known specializations for the HOMFLY and Kauffman polynomial. The equality be- 
tween the Jones and Alexander polynomial is probably due already to Jones [J2, §12]. The relation 
between the Jones and Brandt-Lickorish-MiUett-Ho polynomial is proved by Kanenobu in [K3] . □ 
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6 The Casson invariant on positive knots 



Remark 6.2 As a consequence of the result of [Ka3, Mu, Th] on the span of the Jones polynomial, 
only finitely many alternating knots have the same Jones polynomial. On the other hand, indeed 
collections of such knots (sharing even the same HOMFLY and Kauffman polynomials) of any finite 
size exist [K]. It would be interesting whether similar constructions to these of Kanenobu are also 
possible in the positive case for both the Jones and Conway/Alexander polynomial and also to give 
an infinite series of alternating knots having the same Conway/Alexander polynomial, similar to the 
one (of non-alternating knots) in [K2]. Note, that knots of such a series (except finitely many) can 
neither be skein equivalent nor (by [Cr]) fibered. 

In any case, Kanenobu's examples of [K] show that the lower bound for the crossing number coming 
from the span of the Jones polynomial can be arbitrarily bad. Theorem 6.1 gives us a new tool for 
positive knots. 



Corollary 6.2 Let A" be a knot with a positive reduced diagram of c crossings. Then c{K) > v2c. 

Proof. Use [PV2, theorem 2.2.E]. □ 

Although we will sharpen it, we already remark the inequaUty V2{K) > g{K)/2 we obtain for the 
genus of a positive knot K from the inequahty g <c/2. 

Exercise 6.2 Prove that if D is a positive reduced diagram and D' is obtained from D by change of 
some but not all of its crossings, then V2(D') < V2(D). 

Proof of theorem 6.2. We use again the inductive step in the proof of theorem 6.1. Fix a loop in a 
positive diagram D bounded by a crossing a. Assume the loop has 2c crossings on it. Then, switching 
at most (but, in fact, exactly) c crossings on the loop, it can be pulled above or below all the strands 
intersecting it. 

Now recall the inequality of Bennequin-Vogel (7) of §4. The inequality is sharp for D positive, 
as shows the (therefore minimal) surface coming from the Seifert algorithm. This shows, that the 
switching of the c crossings in D reduces the absolute writhe maximally by 2c, and so (as it does not 
affect n{D)) g at most by c. On the other hand, as we will just observe, it reduces V2 at least by c. The 
following Reidemeister moves do not change V2 or g and then the same inductive argument as in the 
proof of theorem 6.1 applies to show the first inequality asserted in the theorem. For the second one 
note, that the procedure describes an unknotting of K (and hence the number of crossing changes is 
at least its unknotting number). 

To see that removing the arrow of a and all its linked arrows in the GauB diagram to D reduces V2 at 
least by c, put the basepoint in the GauB diagram as follows: 

or ' 

and use the Polyak-Viro formula 

V2= (11) 



together with exercise 6.1. □ 

Exercise 6.3 Modify the proof of theorem 6.2 to show that in a positive diagram D, lk{D) > 3g, and 
deduce from this the inequahty for any arbitrary diagram. 

Hint: Use that beside the linked pairs with a any arrow linked with a must be linked with another 

arrow in the GauB diagram to D. 

We finish the discussion of V2 in its own right by an inequality involving both the crossing and 
unknotting number of a positive diagram. 
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Theorem 6.3 Let Z) be a reduced positive diagram of crossing number c{D) and unknotting number 



Remark 6.3 Replacing the '5' in the denominator by '4', theorem 6.3 would imply theorem 6. 1, and 
replacing the '5' by '6', it would follow from it using u{D) < c{D)/2. Thus '5' is in a sense indeed 
the interesting denominator. On the other hand, for braid positive knots theorem 6.1 indeed follows 
from theorem 6.3 because of theorem 8.1, a property of braid positive knots we are going to prove 
later. 

Proof. We split the proof into two steps recorded as several lenmias. Our strategy will be as follows. 

1. Apply loop moves to D, that do not unknot any connected component of D, until you obtain a 
diagram D" with the property that any of its connected components gets unknotted by any loop 
move on it. Show the inequality of theorem 6.3 for D" . 

2. Show that if D' arises from Z) by a loop move of step 1, then 



where ^2 is the number of crossings switched by the loop move (so k is the number of crossings 
on the loop). The totaUty of all such crossings switches over all moves of step 1 together with 
any unknotting sequence for D" forms an unknotting operation of D (because the removal of a 
loop after a loop move commutes with all subsequent crossing changes), and the length of this 
unknotting sequence is > u{D). 

All diagrams we consider in the sequel will be assumed positive. For the first step we need some 
preparation. 

Lemma 6.1 Let Z) be a cormected diagram on which any loop move unknots. We call D loop- 
minimal. Then and only then D (more exactly its GauB diagram) has no subdiagram of the kind 



Proof. Call an arrow corresponding to a crossing on which a loop move can be applied extreme. If 
D has a configuration of the kind (5,1) 



then we can w.l.o.g. find a to be extreme and applying a loop move to a we get a diagram with a 
linked pair, which is hence knotted. This contradiction shows the direction To show '<;=', 

observe that the miss of a configuration of the kind (5 , 1 ) in Z) means that if for two arrows p and p" 
mD,p(/\ p", then it holds Vp' : p' n p" =^p'r\p. 

But then all p" remain reducible after a loop move on p. This shows the other direction, letting p 
vary over all arrows of D. □ 

Lemma 6.2 Let D be prime and loop-minimal. Then there exists a (necessarily disjoint) decompo- 
sition { arrows of D } = ^UZ, such that ^ ^ ^Z and 



u{D). Thenv2(Z)) > 



c{D)+u{D) 
5 



5{v2{D)-V2{D')) > c{D)-c{D')+k/2, 





yp€K, p' €L:pnp'. 



(12) 



22 



6 The Casson invariant on positive knots 




Moreover, unless D is the 3 crossing trefoil diagram, K and L can be chosen to have > 2 elements 
each. 

Proof. Distinguish two cases. 

Case 1. There is no triple of arrows of type (3,3). Then by straightforward arguments D has the form 




that has the desired property. By even valence \K\ and |L| are both even, so ^ 2. 

Case 2. There is a triple {a,b,c) of arrows of type (3,3). Number the segments of the basehnethe6 
ends of the arrows separate by 1 to 6: 




4 

and let for ij e {1, . . . ,6} 

[ij] := { chords with endpoints on segments i and j } . 

Bylenama6.1, =0if\i — j\ G {0, 1,5}, hence there are 9 possibilities left for j',/. Then we can 
write down some K and L ad hoc. Set 

K := {b,c, [1,3], [3,5], [3,6], [4,6], [2,6]} and L := {a, [1,4], [1,5], [2,4], [2,5]}, 

and verify the desired property case by case. For example, any element p G [1,4] must intersect any 
element p' in [1,5], for if not, a loop move in p' would preserve the Unkedpair {a,p). 

We may have now that |L| = 1. But whenever we have a decomposition with (12) and K ^ ^ L, 
we can build a new one by taking some p S L and setting K' := {p' : p' dp} and L' := {p' : p' (J\ 
p A Vp" : p"r\p <^ p" n p' }. Then K' and L' still satisfy (12) and by even valence |^:'| > 2. If 
now = 1, that is, L' = {p} for any choice of p, then any two arrows are linked in D, and it is a 
{2,2n+ 1) torus knot diagram. But for such a diagram K' and L' with j/^'j, |L'| > 2 are immediately 
found, unless n = 1, which is the 3 crossing trefoil diagram. □ 
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Exercise 6.4 Show that in fact a GauB diagram with out a configuration of type (5,1) are either ra- 
tional knot diagrams of the form C{p, q) with p and q even integers, or (generalized) pretzel diagrams 
. . . ,a„), n, at odd. 

Hint: Consider a chord p\ with the maximal valence (number of linked chords) and collect p\ and 
all its non-linked chords into a collection. Then consider from the rest of the chords again one chord 
P2 with maximal valence and so on. You obtain a decomposition of the chords into collections, such 
that two chords intersect if and only if they belong to distinct collections. Use even valence to show 
that either there is an odd number of collections each one of odd size, which is the pretzel diagram 
case, or an even number of collections each one of even size, and in this case deduce that the are no 
more that two collections using the non-realizability of 



Lemma 6.3 If D is connected, reduced and loop-minimal, then V2{D) > ^^^"l 



Proof. Assume c{D) > 4, as the trefoil diagram is easily checked. Then by lemma 6.2 we have the 
decomposition of the arrows into K and L. Then in the picture (13) we can w.l.o.g., modulo rotating 
the diagram by 90° (swopping K and L) and mirroring, assume that > % arrows in K point upward, 
and > 1/2 arrows in L point from left to right. Then placing the basepoint above the arrows in L and 
to the right of the arrows in K and using the formula for V2 in (11), we see 

kl k(c-k) 2(c-2) c-2 
4 - 4 - 4 2 ' 

as A; > 2, c - A; > 2 and c > 4. □ 

Lemma 6.4 (first step) If D is a loop-minimal connected prime or composite diagram, then V2{D) > 
c{D)+u{D) 



Proof. Assume first D is prime. As u{D) < c{D)/2 it suffices to show V2 > But lemma 6.3 

gives V2 > ^i^)/2 — 1. which is better, unless c{D) < 5, which is directly checked. 

If D is composite, use that c(D), u{D) and V2{D) are additive under connected sum of diagrams (be- 
waring that the question for the crossing and unknotting number for knots is a 100 year old conjecture, 
that no one knows how to prove except in special cases!). □ 

Lemma 6.5 (second step) If a loop move D — > D' does not unknot a cormected component of D, then 

5(V2(D)-V2(D')) >c{D)-c{D')+k/2, 

where is the number of crossings switched by the loop move (so k is the number of crossings on 
the loop). 



Proof. By the proof of theorem 6.2 we have 

V2{D) 



-V2(D') > \, 
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and by the proof of theorem 6.1 we have 

V2{D)-V2{D') >l + ^, 
again denoting by c the number of reducible crossings after the move. Hence by arithmetic mean 



/ N / /^ I f k c k\ 

MD)-V2{D') > 2(4 + 2 + 2) 





'k ^ 


3k 


c 


Y 


+ 4 







k/2 

and as c + A: = c(D) — c(D'), already 

4(v2(D)-V2(D')) >c{D)-c{D')+k/2, 

that certainly remains true when replacing the factor '4' by '5' . □ 
Using the strategy outlined in the beginning, lemmas 6.4 and 6.5 prove theorem 6.3. □ 



Remark 6.4 It is striking that the whole proof goes through with denominator '4' instead of '5', 
except at one point: the case c{D) = 4 in lenmia 6.4 (the positive 4 crossing trefoil diagram). This is, 
however, for our argument fatal, because we would need to control how many such factors occur in 
the diagram D" after step 1 . One hope to get out of the dilemma would be to find loop moves, such 
that connectedness is always preserved, but one can find examples, where this is not possible. 

Moreover, along similar lines one shows that 3v2{D) decreases not slower than c{D) under the moves 
of step 2. So the motivation for conjecture 6.1 is again the problem how to handle step 1. Similarly 
to connectedness, it is difficult to make the loop move behave well w.r.t. bireducedness. 



Corollary 6.3 If ^ is positive, then 5v2(^) > maxdegy(^). 



Proof. Use that by [Ka3, Mu, Th] spanV{K) < c{D) on a positive (or any other) diagram D of K, 
and that u{D) > u{K) > g{K) = mmdegV{K) by corollary 4.3 and [St5, theorem 4.1]. □ 

It is interesting to remark that this is a entirely combinatorial statement that heavily relies on this 
deep topological fact - the truth of the (local) Thom conjecture. It would be nice to know whether it 
cannot be derived also completely combinatorially. 



Remark 6.5 The work done in this paragraph in an easy manner also recovers for positive knots 
the mentioned result of Cochran-Gompf and Traczyk on the positivity of the signature. For this it 
suffices to remark that a loop move, consisting of switching positive crossings to negative, never 
reduces the signature, and that it is positive on the knots of exercise 6.4 by direct calculation. 



7. Relations between V2, V3 and the HOMFLY polynomial 

The Polyak-Viro-Fiedler formulas also allow to relate both the degree-2 and degree-3 VassiUev in- 
variants to each other in positive diagrams, giving a lower bound for their crossing number. 

In the following we give inequalities resulting from such combined applications of the various for- 
mulas, which, while not terribly sharp, hardly seem provable using other arguments. 

Let 

/, := #{ crossings linked with crossing i } 
in some fixed positive diagram D of c crossings. 
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Lemma 7.1 In a positive diagram D of c crossings, 



Proof. We have in a positive diagram 

V3(^) > (X) + + 



The first term on the right gives the second summand in (14) (note, that a linked pair is counted twice 
for both arrows in it). Numbering the horizontal chord in terms 2 and 3 by i, we see that the sum of 

terms 2 and 3 is the count of pairs of equally oriented arrows with respect to arrow /. Now by exercise 
6.1 for each ; and for each orientation there are two collections of /,/2 equally oriented arrows with 

respect to arrow giving 2 ^''2^^ possible choices of pairs of equally oriented arrows. As the cases 

where the equally oriented arrows are linked are counted twice, we factor out the '2' and obtain the 
formula (14). □ 



Lemma 7.2 In a positive diagram D, 



4v2<£//. (15) 



Proof. This is obviously a consequence of (8). □ 
Theorem 7.1 In a positive reduced c crossing diagram, c > 0, then V3 > V2 and 

V3-V2 

Proof. In view of (15), the right hand side of (14) is minimized by /, := 4v2/c, in which case it 
becomes 

c J c 



8 8 

So 

2vi 



V3>— +V2, (16) 
c 



_2 

from which the assertion follows, as by (8) and (1) always V3 > V2 (even V3 > 2v2). □ 

Remark 7.1 The Polyak-Viro formula for V3 /4 

V3 1 ^ 

proves similarly as (14) the inequality 

4 - 2,^1 V2 

V3 ^if 3 ^ 4V2 

Addmg — — 2j to the right hand side of (14), we obtain -V3 > ^ — , so by lemma 7.2, V3 > 

This inequality is weaker than (16), if V2 > |, which we showed always holds in reduced positive 
diagrams. 
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7 Relations between V2, V3 and the HOMFLY polynomial 



Theorem 7.2 In a positive diagram of c crossings, 

3 . 

- V3 < V2 • C . 

Proof. As before, combining the Fiedler and Polyak-Viro formulas, we have 



But for positive diagrams the four terms on the right are equal to the first four terms in the numerator 
of the V2 formula [PV, p. 5 bottom]. □ 

All previous calculations suggest that in the point of view of GauB sums, the following invariant plays 
some key role. 

Definition 7.1 Define the Unked pair number lk{K) of a knot K as the minimal number of Unked 
pairs in all its diagrams. 

What can we say about lk{K)l As a consequence of (8) or (15), lk{K) > 2v2(K) for any knot K. 
However, V2{K) may be sometimes negative. A non-negative lower bound is 2>g{K), following from 
exercise 6.3. In fact, exercise 6.3 shows lk{K) > 3g{K), where g{K) is the weak Seifert genus of K, 
that is, the minimal genus of a surface, obtained by applying the Seifert algorithm to any diagram of 
K. As we noted, sometimes g{K) > g{K). Morton showed [Mo2], that 

g{K)>maxdeg^P{K)/2, 

so 

lk{K)>^m^xdeg^P{K). 
On the other hand, for K positive we proved V3 {K) > ^lk{K), so we obtain a self-contained inequahty 

Proposition 7.1 For a positive knot K we have 

V3(/E-)>2maxdeg^P(/s:). □ 

This condition is also violated by our previous example 122038- We also obtain 
g 

Proposition 7.2 V3(^) > -V2{K) for positive. □ 

As simple examples show, except for the low crossing number cases and connected sums thereof 
these inequalities are far from being sharp, so significant improvement seems possible. The problem 
with pushing further our inductive arguments in §6 is that it appears hard to control how often these 
low crossing number cases occur as connected components in intermediate steps of trivializing a 
positive diagram with our move. 

A final nice relation between V2 and V3 is unrelated to GauB sums and bases on an idea of Lin. Let 
w± denote the untwisted double operation of knots with positive (resp. negative) clusp. 

Proposition 7.3 V3{w±{K)) = ±Sv2{K). 

Proof. The dualization of w± is a nilpotent endomorphism of 'P'", the space of Vassiliev invari- 
ants of degree at most n. But 1/^/1/^ and i^^/'U^ are one-dimensional and hence are killed by w^.. 
Therefore, wj. maps V2 to a constant and checking it on the unknot we find that it is zero (this also 
follows from A = 1 for an untwisted Whitehead double of any knot). V3 is taken to something in 
degree at most 2, so V3 (w± (K) ) = V2 (K) +Cq. Cq =0 follows from taking the unknot and to see 
cf = ±8 check that V3 is 8 an the positive clusp untwisted Whitehead double of one of the trefoils. □ 

Combining this with our GauB sum inequalities we innmediately obtain 
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Corollary 7.1 An untwisted Whitehead double of a positive knot has non-self-conjugate Jones poly- 
nomial. In particular, the knot is chiral and has non-trivial Jones polynomial. Moreover, there are only 
finitely many positive knots, whose untwisted Whitehead doubles (or similarly, twisted Whitehead 
doubles with any fixed framing) have the same Jones polynomial. □ 

8. Braid positive knots 

The following section deals with the more specific subclass of positive knots, namely those with 
positive braid representations. First, as a digression from the GauB sum approach, we improve some 
inequalities of Fiedler [Fi] on the degree of the Jones polynomial of such knots, and latter we write 
down certain inequahties for the Casson invariant of knots with positive braid representations, giving 
some applications. 

Notation. For a braid P denote by P its closure, by n(P) ist strand number and by [P] its homology 

class (or exponent sum), i. e. its image under the homomorphism [ . ] :B„ — =B„/([B„,B„]) ~ 
Z, given by [o,] = 1, where a,- are the Artin generators. 

Definition 8.1 A knot is called braid positive, if it has a positive diagram as a closed braid. 

Note. The term "braid positive" is self-invented and provided to give a naturally seeming name for 
such knots and links, distinguishing them from the ones we call 'positive'. However, braid positive 
knots are called sometimes "positive knots" elsewhere in the literature, so beware of confusion! 

First we will recall and sharpen an obstruction of Fiedler [Fi] to braid positivity. 

Lemma 8.1 ([Fi]) For any braid positive k component link L without trivial split components, we 
have mindeg y(L) >Oand mincfy(L) = (-1)^^^ 

Here is our improved version of Fiedler's result. 

Theorem 8.1 If Z, is a non-split k component link, L 
ings, then 

k — 

mindegy(L) > c/4 

aiidmincfy(L) = 

To prove the theorem, let's start with the 

Lemma 8.2 If a positive braid diagram of a prime knot is reducible, then it admits a reducing Markov 
11 [Bi] move, see figure 7. So, if a prime knot has a positive (closed) braid diagram, it also has a 
reduced one. 

Proof. Take a reducible crossing in the closed braid diagram and smooth it out. As the knot is prime, 
assume w.l.o.g. that the right one of the two resulting closed braid diagrams belongs to the unknot. 
If we know, that each positive braid diagram of the unknot is either trivial or reducible, repeat this 
procedure, ending up with a trivial (braid) diagram of the unknot on the right. Then the last smoothed 
crossing is one corresponding to a reducing Markov II move. 

For positive braids it follows from work of Birman and Menasco [BM] and also from the Bennequin 
inequality [Be, theorem 3, p. 101], that if P is the unknot, then | [P] | < n(P). Therefore, if P is positive, 
it must contain each generator exactly once, so all its crossings are reducible. □ 

Remark 8.1 Note, that our capability to control so well positive braid diagrams of the unknot by 
these (deeper) results, is rather surprising, as in general there exist extremely ugly braid diagrams of 
the unknot [Mo, Fi2]. 



p, with p a positive reduced braid of c cross- 
>c(L)/4-^ (17) 
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8 Braid positive knots 



B 



Figure 7: The Markov II move. 



Remark 8.2 A similar statement is also true for alternating diagrams. To see the fact, that each 
alternating braid diagram of the unknot is either trivial or reducible, recall the result of Kauffman 
[Ka3], Murasugi [Mu] and Thistlethwaite [Th], that all alternating diagrams of the unknot are either 
trivial or reducible. 

The assertion in lemma 8.2 in the positive case is also true for composite knots and links. 
Lemma 8.3 Any braid positive Unk has a reduced braid positive diagram. 



Proof. In the braid positive diagram use the iteration of the procedure 

t t t 



3x 



which gives a reduced diagram. 



□ 



Remark 8.3 Note, that, however, for alternating diagrams the above procedure does not work. The 
granny knot !3i#!3i has a reducible alternating diagram as closed 4-braid, but no alternating diagram 
as closed 3-braid. 



Proof of theorem 8.1. Take equation (10) of [Fi] for positive p. 

mindegy(L) = i([p] + l-«(p)) (18) 

As P is w.l.o.g. by lemma 8.3 reduced, and generators appearing only once in P correspond to 
reducible crossings in the closed braid diagram, we have 

[P]>2(«(p)-^), (19) 



so 



indegy(L) > 



(20) 
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On the other hand, as P positive, [P] = c, so 

c+ 1 -/i(B) 
mindegy(L) > ^ . 

Therefore 

• H T/^^^^ • c+l-n(p)\ k-l c k-l 
nundegy (L) > nunmax ( , ^^—^ j - = - - . 

The second assertion follows directly from [Fi, theorem 2]. □ 

Remark 8.4 Applying n>b{^) in (20), or taking the inequaUty c(L) > 2{b{L) - k) of Ohyama [Oh] 
in (17), we also obtain the weaker 

mindegy(P) > ffll-^ . 

Remark 8.5 Considering L = J?" to be a knot, the first inequality in (17) is evidently sharp, as a 
braid with each generator appearing twice shows. Concerning the second inequality and demanding 
the braid to be irreducible (i. e. not conjugate to a braid with an isolated generator), the inequality 
(19) can be further improved a little by observing, that a positive braid with exactly 2(rt(P) — 1) 
crossings is still transformable modulo Yang-Baxter relation (that is, a transformation of the kind 
aj_ia,a,_i = a,o,_ia,) into one with isolated generators. So we can add a certain constant on the 
r.h.s. of (19), and to our bound, maybe excluding some low crossing cases (!3i and !5i show that 
\c{K) /4] at least is sharp.) 

However, at c{K)/A + 2 there will be really something to do, as for [P] = 2n(P) + 6 there is a series 
of examples of braids {P„ | n odd } with 

P« = ((CTl03-- -0/1-40^-2) (Cf2<^4---C7n-3<yn-l))^ 

or schematically 

3 1 ••• 1 1 
1 1 ••• 1 3 
P„= 3 1 ... 1 1 
1 1 ... 1 3 

(Jl C7„_l 

which do not admit a Yang-Baxter relation modulo cyclic permutation and close to a knot. Of course, 
this is far away from saying that P„ are irreducible or that even P„ is a minimal diagram (which would 
mean, that the second bound is also sharp) but I don't know how to decide this. 



Remark 8.6 The expression appearing on the r.h.s. of (18) is equal to 

where n is the number of components of L. This follows from the (classical) formula for the genus 
of the canonical Seifert surface, together with the fact that this Seifert surface is (of) minimal (genus) 
in positive diagrams, see corollary 4.2. (This observation is treated in more detail and generalized in 
[St5]). Therefore, for a braid positive knot K we have 

maxdegA(/:) = g{K) = mmA&gV{K) > c{K)lA, (21) 

where A is the Alexander polynomial and the first equality comes from the fiberedness of the knot. 
The condition (21) is not sufficient, though. We have seen this in example 4.2. 
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8 Braid positive knots 



As a braid positive knot K by lemma 8.2 always has a reduced braid positive diagram, and a reduced 
braid positive diagram by theorem 8 . 1 does not more than 4 min deg V {K) crossings, we see that braid 
positivity can always be decided. This, of course, works with the results of the previous section as 
well, but this bound is considerably sharper. 

Here we shall observe that braid positive is really stronger than positive, so our definition 8.1 is 
justified. 



Example 8.1 The knot !52 is positive (see, e. g., [Ka2]). We have (see, e.g., [Ad, Appendix] or [St2]) 

mindegV(!52) = 1 < ^4- ■5°' although positive, !52 can never be represented as a closed positive 
braid. The same is true for !72 and 74. Note, that in all 3 examples the conclusion of non-braid 
positivity would not have been possible with Fiedler's weaker criterium. 



Remark 8.7 It is known, that closed positive braids are fibered, and that fibered knots have monic 
Alexander polynomial [Ro, p. 259J (i. e., with edge coefficients ±1), so the monicness of the Alexan- 
der polynomial is also an obstruction to braid positivity, and applies in the above 3 examples !52, !72 
and 74 as well. Another way to deal with these cases is to use the observation, that they all have genus 

1 (which can be seen by applying the Seifert algorithm to their alternating diagrams [GaJ), and the 
fact (following from the Bennequin inequality [Be, theorem 3, p. 101]), that the only braid positive 
genus 1 knot is the positive trefoil. A special way to exclude 74 is to use that it has unknotting number 

2 [Ad], contradicting the inequality u{K) < g{K) for braid positive knots K due to BoUeau and Weber 
[BoW] and Rudolph [Ru, prop, on p. 30], see also [Be]. 



Example 8.2 The 10 crossing knot !102 is fibered and his minimal degree of the Jones polynomial 
is positive, but it is 1, so ! IO2 is not a closed positive braid. ! IO2, however, can also be dealt with by 
the non-positivity of its Conway polynomial [Bu]. 



Example 8.3 On the other hand, the knots 73 and !75 are positive, but their minimal Jones polyno- 
mial degree 2 does not tell us, that they are not braid positive. But they have non-monic Alexander 
polynomial, and so they cannot even be fibered. 



The variety of existing obstructions to (braid) positivity makes it hard to find a case, where our 
condition is universally better. Here is a somewhat stronger example, coming out of some quest in 
Thistlethwaite's tables. 

Example 8.4 The knot ! I21930 on figure 8 has the HOMFLY polynomial 

(4/*^ + 2/10 - ;12) ^ (_4;4 ^ 2/6 _ 4/8 + /10)„^2 ^ ;4^4 ^ 

It shows, that no one of the above mentioned (braid) positivity obstructions of [Ro, Bu, Cr, CM, Fi] 
is violated, but ours is. However, although monic, the Alexander polynomial can be indirectly used 
to show non-braid positivity. How? 



We now give some improvements of the inequalities for positive knots for closed positive braids of 
given strand number. It is obvious that without this restriction not more than a linear lower bound 
for V2 and V3 in c can be expected, as shows the iterated cormected sum of trefoils (we will shortly 
construct more such examples). 

Theorem 8.2 If P is a positive braid of exponent sum (or crossing number) [P], and n strands, closing 
to a knot, then 
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Figure 8: The knot !12i93o. 



Proof. Consider = lk{i,j) for 1 < j < j <n, the linking number of strands i and j in p. Then 

[P] = Y,i<ihj and each pair of strands / and j contributes to the GauB diagram of P a collection 
of lij mutually hnked arrows. If lij is odd, the contribution of these arrows to the GauB sum is 
(independently of the choice of basepoint) the one of the (2,/,j) torus knot, namely (/?■ — l)/8, while 
for lij even, the contribution is dependent of the choice of basepoint (changes by ^1), but is in any 
case at least (/? — 4)/8. The bound on the right of (22) is obtained by taking all lij equal, namely 
[P]/©' using that at least n — 1 of the lij are odd, as any one-cycle permutation of n elements 
has length at least n — 1 . □ 



Corollary 8.1 If P is a braid of n strands, closing to a knot, [P]_ the number of negative crossings in 
P, and [P]o = [P] + 2[P]- the total number of crossings of P, then 



V2(P) > 



ml 



(2n-3)(n-l) [P]-([P]o-[P]- 



4n(n - 1) 
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Proof. Use the expression of V2 in (8), showing that switching [P] _ positive crossings in any diagram 

of [P]o crossings, decreases V2 at most by the third term on the right. □ 

This means, that for [P]_ sufficiently small, we have V2(P) > 0, implying as before that in particu- 
lar P has non-trivial A, V and Q polynomial, and untwisted Whitehead doubles with non-trivial V 
polynomial. 

In a similar way one proves 



Theorem 8.3 If P is a positive braid of n strands, closing to a knot, then 

V3(P) > Cl^-C2n^ (23) 
for some (effectively computable and independent on P and n) constants Ci^2 > 0. □ 

Theorems 8.3 and 8.2 imply a positive solution to Willerton's problem 5 in [Wi, §4] for positive 
braids of given strand number. 

Corollary 8.2 If (P,) are distinct positive braids of n strands, then V3(p,) x vii^i)^^^, in particular, 
|™l°gv2(P,)^3(P')=3/2. □ 

Such a property can be used to show that certain special positive braids are not Markov equivalent 
to positive braids of given strand number, where the calculation of the Homfly polynomial (and the 
bound of the Morton- WUhams-Franks inequality [Mo2, FW]) can be tedious. 
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9 Questions on positive knots 



Example 8.5 Let (3, and (3- be positive braids of length 0{i^^'^ ^) in some B„ with (|)(P,) = (12), 
: Bf, ^ Sn being the permutation homomorphism. Let { . }j be the shift map a, i-» Gi+j. Set 

P[i]=ri{P'}'-i-{P7};eBn+;, 

i=i 

so that = (12 ... n + j)^'. The all but finitely many of the knots p[y] have no positive braid 

representations of some fixed sttand number. To see this, use that any crossing in ^yj has (9(j'/'*"^) 
linked crossings, from which the V3 formula shows V3(P[^]) = 0{f^'^^^^), soif log^^^^^ ^ V3(p[j]) ^x, 
we must have x < 3/2 — 2e, contradicting corollary 8.2. 

This example also shows that Willerton's problem cannot be solved positively in general for braid 
positive knots. We can already take the iterated connected sum of trefoils, but we also see how to 
construct prime examples using [Cr2]. For example, take all P, = ajOjai e Bj and P- = ai, and you 

getV2(P[,])=0(7)=V3(P[,]). 

9. Questions on positive knots 

After alternating knots have been well understood, it's interesting to look for another class of knots. 
The positive knots provide many interesting questions in analogy to alternating knots. 

Here are some appealing questions thinking on alternating knots. 

By [Ka3, Mu, Th] any alternating reduced diagram is miiumal. We saw that, ignoring the second 
reduction move, this is not true for positive knots. Is it true with the second reduction move (and all 
its cablings)? It seems, however, that things are not that easy with positive knots (or the other way 
round - it makes them the more challenging!). 

Example 9.1 Consider the knot, which is the closed rational tangle with the Conway notation (— 1, 
—2, —1, —2, —5). Its diagram as closed (—1, —2, — 1, —2, —5) tangle is reduced and alternating, and 
hence minimal. The knot, however, has also a positive diagram as closed (1,2, 1,2, 1, 1, — 1, — 3) 
tangle, which is bireduced, but non-minimal. (This is one of a series of such examples I found by a 
small computer program.) 

Conversely, for alternating prime knots, any minimal diagram is alternating. As the example of the 
Perko pair [Ka2, fig. 10] shows, this is not true for positive knots. So we can ask: 

Question 9.1 Does any positive knot have at least one positive nunimal diagram? If so, is there a set 
of local moves reducing a positive diagram to a positive miiumal diagram? 

Remark 9.1 I tried to find counterexamples to question 9.1 using the following (common) idea: 

Consider the Conway notation a = {ai,... ,a„) of a (diagram of a) rational tangle A, closing to a 
positive (diagram of some) knot K. Then take some expression c = (ci , . . . , c^) of its iterated fraction 

1 _ 1 

citi H J — Cffi H J 

«n-I H J Cm-l H J 

««-2 H ; Cm-2 H ; 

a„-3 + ■■■ c,„_3 + . . . 

with all Ci of the same sign. The (diagram of the) tangle C with Conway notation c is equivalent to A 
[Ad], closes to an alternating diagram C of K. K is also prime (e. g. by [Me], as C is non-composite 
and alternating). Therefore any minimal diagram of this knot is alternating and if C is not a positive 
diagram, by Thistlethwaite's in variance of the writhe [Ka2] it would follow that, as K has one non- 
positive minimal diagram, no minimal diagram can be positive (and also it didn't matter which c 
you chose). My computer program revealed, however, that there is no such a with \a\ < 26 (where 
W\ '■= ^4=1 Wi\' note, that by minimality of alternating diagrams always \c\ < \a\). Is there such an a 
at all? 
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Question 9.2 Is (something like) the Tait flyping conjecture [MT] true for positive knots, i. e. are 
minimal positive diagrams transformable by flypes? 

Question 9.3 Menasco [Me, Ad] / Aumann [Ad, p. 150] proved that composite/split alternating links 
appear composite/split in any alternating diagram. Using the linking number, it's easy to see that for 
split links latter is also true in the positive case. But what is with composite knots? 

In view of corollary 4.2, this is a special case of a conjecture of Cromwell [Cr2, conjecture 1.6]. 
Note, that affirming questions 9.1 and 9.3 we would prove the additivity of the crossing number for 
positive knots under connected sum. 

Question 9.4 If question 9.3 has a negative answer, is still the weaker statement true that positive 
composite knots have (only or at least one) positive prime factor(s)? 

Question 9.5 Is it possible to classify alternating positive knots? Does an alternating positive knot 
always have a (simultaneously) alternating (and) positive diagram? (Note, that this question for prime 
knots and question 9.1 for prime alternating knots are the same.) 

A question on unknotting numbers is 

Question 9.6 Does any positive knot realize its unknotting number in a positive diagram? 

If the answer were yes, by arguments analogous to those in the proof of theorem 6.2, the inequaUty 
of Bermequin-Vogel (7) would show that u{K) > g{K) independently from Menasco's result, so it is 
consistent with it. 

A final question is suggested by the comparison between the growth rates of V2 and V3 on positive 
knots. 

Question 9.7 What can be said about the sets 

S := {log,^^K)V3{K) : /s: 7^ !3i positive} 

and 

SB := {log^^^K)V3{K) : /i:7^!3ibraid positive}? 

We have shown that I G S = >S\disc>S' C [1,3], and similarly for SB, where S denotes closure and 
disc 5 the discrete subset of points of S. Is 5 C [1,2] or even 5 = [1,2]? Is 56 equal to or at least 
contained in [1 , 3/2] ? 

Acknowledgement. I would wish to thank to W. B. R. Lickorish and J. Birman for their kindness 
and help and especially to T. Fiedler for his remarks and pointing out an extension of theorem 4.3. I 
am grateful to T. Kawamura for informing me about the results of T. Tanaka and to T. Kanenobu for 
informing me about [K3]. 

References 

[A] N. A'Campo, Das Generic immersions of curves, knots, monodromy and gordian number, preprint. 

[Ad] C. C. Adams, Das Knotenbuch, Spektrum Akademischer Verlag, Berlin, 1995 {The knot book, 
W. H. Freeman & Co., New York, 1994). 

[AM] S. Akbulut and J. D. McCarthy, Casson's invariant for oriented 3-spheres, Mathematical notes 36, 
Princeton, 1990. 

[Al] J. W. Alexander, Topological invariants of knots and links. Trans. Amer. Math. Soc. 30 (1928), 275-306. 



34 



References 



[BN] D. Bar-Natan, On the Vassiliev knot invariants. Topology 34 (1995) 423^72. 

[BN2] " , Bibliography of Vassiliev invariants, available via anonymus file transfer from 

ftp . ma . hu j i . ac . il, subdirectory drorbn. 

[BS] " and A. Stoimenow, The Fundamental Theorem of Vassiliev invariants, "Geometry and 

Physics", Lecture Notes in Pure & Appl. Math. 184, M. Dekker, New York, 1996, 101 - 134. 

[Be] D. Bennequin, Entrelacements et equations de Pfaff, Soc. Math, de France, Asterisque 107-108 (1983), 
87-161. 

[Bi] J. S. Birman, Braids, links and mapping class groups, Ann. of Math. Studies 82, Princeton, 1976. 



[Bi2] " , New Points of View in Knot Theory, BuU. Amer. Math. Soc. 28 (1993) 253-287. 

[BL] " and X-S. Lin, Knot polynomials and Vassiliev's invariants. Invent. Math. Ill (1993) 

225-270. 

[BM] " and W. W. Menasco, Studying knots via braids V: The unlink. Trans. Amer. Math. Soc. 

329 (1992), 585-606. 

[BW] " and R. F. Williams, Knotted periodic orbits in dynamical systems - 1, Lorenz's equa- 



tions. Topology 22(1) (1983), 47-82. 

[BoW] M. Boileau and C. Weber, Le probleme de J. Milnor sur le nombre gordien des naeuds algebriques, 
Enseign. Math. 30 (1984), 173-222. 

[BLM] R. D. Brandt, W. B. R. Lickerish and K. Millett, A polynomial invariant for unoriented knots and links, 
Inv. Math. 74 (1986), 563-573. 

[Bu] J. v. Buskirk, Positive links have positive Conway polynomial. Springer Lecture Notes in Math. 1144 
(1983), 146-159. 

[CG] T. D. Cochran and Robert E. Gompf, Applications of Donaldson's theorems to classical knot concor- 
dance, homology 3-spheres and Property P, Topology 27(4) (1988), 495-512. 

[Co] J. H. Conway, On enumeration of knots and links, in "Computational Problems in abstract algebra" 
(J. Leech, ed.), 329-358. Pergamon Press, 1969. 

[Cr] P. R. Cromwell, Homogeneous links, J. London Math. Soc. (series 2) 39 (1989), 535-552. 

[Cr2] " , Positive braids are visually prime, Proc. London Math. Soc. 67 (1993), 384-424. 

[CM] " and H. R. Morton, Positivity of knot polynomials on positive links, J. Knot Theory 

Ramif. 1 (1992), 203-206. 

[DT] C. H. Dowker and M. B. Thistlethwaite, Classification of knot projections, Topol. Appl. 16 (1983), 

19-31. 

[Fi] T. Fiedler, On the degree of the Jones polynomial. Topology 30 (1991), 1-8. 



[Fi2] " , A small state sum for knots. Topology 32 (2) (1993), 28 1-294. 

[Fi3] " , Gauss sum invariants for knots and links, monography, to appear. 

[Fi4] " , Die Casson-Invariante eines positiven Knotens ist nicht kleiner als sein Geschlecht, 

talk given at the knot theory workshop in Siegen, Germany, 1993. 

[FS] " and A. Stoimenow, New knot and link invariants. Proceedings of the International 



Conference on Knot Theory "Knots in Hellas, 98", to appear. 

[FW] J. Franks and R. F. Williams, Braids and the Jones-Conway polynomial. Trans. Amer. Math. Soc. 303 

(1987), 97-108. 

[H] P. Freyd, J. Hoste, W. B. R. Lickerish, K. Millett, A. Ocneanu and D. Yetter, A new polynomial invariant 
of knots and links, BuU. Amer. Math. Soc. 12 (1985), 239-246. 

[Ga] D. Gabai, Genera of the alternating links, Duke Math. J. 53(3) (1986), 677-681. 

[Ho] C. F. Ho, A polynomial invariant for knots and links - preliminary report. Abstracts Amer. Math. Soc. 6 
(1985), 300. 

[HT] J. Hoste and M. Thistlethwaite, KnotScape, a knot polynomial calculation and table access program, 

available at http : / /www . math . utk . edu/ ~morwen. 

[J] V. F. R. Jones, A polynomial invariant of knots and links via von Neumann algebras. Bull. Amer. Math. 
Soc. 12(1985), 103-111. 



References 



35 



[J2] " , Hecke algebra representations of of braid groups and link polynomials, Ann. of Math. 

126 (1987) 335-388. 

[K] T. Kanenobu, Kaujfman polynomials for 2-bridge knots and links, Yokohama Math. J. 38 (1991), 145- 
154. 

[K2] " , Examples of polynomial invariants for knots and links. Math. Ann. 275 (1986), 555- 

572. 

[K3] " , An evaluation of the first derivative of the Q polynomial of a link, Kobe J. Math., 5 

(1988), 179-184. 

[KM] " and H. Murakami, 2-bridge knots of unknotting number one, Proc. Amer. Math. Soc. 

96(3) (1986), 499-502. 

[Ka] L. H. Kauffman, Knots and physics (second edition). World Scientific, Singapore 1993. 

[Ka2] " , An invariant of regular isotopy. Trans. Amer. Math. Soc. 318 (1990), 417^71. 

[Ka3] " , New invariants in the theory of knots, Amer. Math. Mon. 3 (1988), 195-242. 

[Kw] T. Kawamura, The unknotting numbers of IO139 end IO152 are 4, Osaka Journal of Mathematics 35(3) 
(1998), 539-546. 

[Kw] A. Kawauchi, A survey of Knot Theory, Birkhauser, Basel-Boston-Berlin, 1991. 

[KM] P. B. Kronheimer and T. Mrowka, On the genus of embedded surfaces in in the projective plane. Math. 
Res. Lett. 1 (1994), 797-808. 

[Li] W. B. R. Lickorish, The unknotting number of a classical knot, in "Contemporary Mathematics" 44 
(1985), 117-119. 

[Me] W. W. Menasco, Closed incompressible surfaces in alternating knot and link complements. Topology 
23(1) (1986), 37-^4. 

[Me2] " , The Bennequin-Milnor Unknotting Conjectures, C. R. Acad. Sci. Paris Ser. I Math. 318 

(1994), 831-836. 

[MT] " and M. B. Thistlethwaite, The Taitfiyping conjecture. Bull. Amer. Math. Soc. 25 (2) 

(1991), 403^12. 

[Mi] J. Milnor, Singular points of complex hypersurfaces. Annals of Math. Studies 61 (1968). 

[Mo] H. R. Morton, An irreducible 4-string braid with unknotted closure. Math. Proc. Camb. Phil. Soc. 93 

(1983), 259-261. 

[Mo2] " ,Seifert circles and knot polynomials, Proc. Camb. Phil. Soc. 99 (1986), 107-109. 

[Mu] K. Murasugi, Jones polynomial and classical conjectures in knot theory. Topology 26 (1987), 187-194. 

[MP] " and J. Przytycki, The skein polynomial of a planar star product of two links. Math. Proc. 

Cambridge Philos. Soc. 106(2) (1989), 273-276. 

[Oh] Y. Ohyama, On the minimal crossing number and the braid index of links, Canad. J. Math. 45(1) (1993), 
117-131. 

[PV] M. Polyak and O. Viro, Gauss diagram formulas for Vassiliev invariants. Int. Math. Res. Notes 11 (1994) 
445^54. 

[PV2] " and " , On the Casson knot invariant, preprint. 

[Ro] D. Rolfsen, Knots and links. Publish or Perish, 1976. 

[Ru] L. Rudolph, Braided surfaces and Seifert ribbons for closed braids. Comment. Math. Helv. 58 (1983), 
1-37. 

[Ru2] " , Quasipositivity as an obstruction to sliceness. Bull. Amer. Math. Soc. 29 (1993), 51- 

59. 

[Ru3] " , Positive links are strongly quasipositive, preprint, available at the math preprint server, 

preprint number 9804 003. 

[St] A. Stoimenow, Gaufi sum invariants, Vassiliev invariants and braiding sequences, to appear in J. Knot 
Theory Ramif . 

[St2] " , Polynomials of knots with up to 10 crossings, available on my webpage. 



36 



References 



[St3] " , Genera of knots and Vassiliev invariants, J. Of Knot Theory and Its Ram. 8(2) (1999), 

253-259. 

[St4] " , A Survey on Vassiliev Invariants for knots, "Mathematics and Education in Mathemat- 
ics", Proceedings of the XXVII. Spring Conference of the Union of Bulgarian Mathematicians, 1998, 
37^7. 

[St5] " , On some restrictions to the values of the Jones polynomial, Humboldt University Berlin 

preprint. 

[St6] " , The Jones and Q polynomial of an unknotting number one knot, preprint. 

[St7] " , Knots of genus one, accepted by Proc. Amer. Math. Soc. 

[Ta] T. Tanaka, Unknotting numbers of quasipositive knots. Topology and its Applications 88(3) (1998), 239- 
246. 

[Th] M. B. Thistlethwaite, A spanning tree expansion for the Jones polynomial. Topology 26 (1987), 297- 
309. 

[Tr] P. Traczyk, Non-trivial negative links have positive signature, Manuscripta Math. 61 (1988), 279-284. 

[Tr2] " , A criterion for signed unknotting number. Contemporary Mathematics 233 (1999), 

215-220. 

[Va] V. A. Vassiliev, Cohomology of knot spaces. Theory of Singularities and its Applications (Providence) 
(V. I. Arnold, ed.), Amer. Math. Soc, Providence, 1990. 

[Vo] P. Vogel, Algebraic structures on modules of diagrams, Universite Paris VII preprint, June 1996. 

[Vo2] " , Representation of links by braids: A new algorithm. Comment. Math. Helv. 65 (1990), 



104-113. 

[We] H. Wendt, Die Gordische Aufiosung von Knoten, Math. Z. 42 (1937), 680-696. 

[Wi] S. Willerton, On the first two Vassiliev invariants, IRMA Strasbourg preprint. 

[Yo] Y. Yokota, Polynomial invariants of positive links. Topology 31(4), (1992), 805-811. 

[Zu] L. ZuUi, The rank of the trip matrix of a positive knot diagram, J. Knot Theory Ramif. 6 (2) (1997), 
299-301. 



